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Abstract
Elliptic surfaces over an algebraically closedﬁeld in characteristicp> 0withmultiple supersingular
elliptic ﬁbers, that is, multiple ﬁbers of a supersingular elliptic curve, are investigated. In particular,
it is shown that for an elliptic surface with q = g + 1 and a supersingular elliptic curve as a general
ﬁber, where q is the dimension of an Albanese variety of the surface and g is the genus of the base
curve, the multiplicities of the multiple supersingular elliptic ﬁbers are not divisible by p2. As an
application of this result, the structure of false hyperelliptic surfaces is discussed on this basis.
© 2005 Elsevier B.V. All rights reserved.
MSC: 14J27; 14J10
1. Introduction
For multiple ﬁbers of elliptic surfaces over an algebraically closed ﬁeld, two impor-
tant problems are (1) how to reduce a multiple ﬁber to a non-multiple ﬁber, and (2)
how to construct a multiple ﬁber (i.e., do all possibilities really exist?). For characteris-
tic zero, the answers to both problems are well known: a multiple ﬁber can be reduced
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to a non-multiple ﬁber by pulling back with a suitable ﬁnite ramiﬁed covering of its base
curve, and every multiple ﬁber can be constructed by taking the quotient of a suitable
ﬁbration by a suitable group action. For characteristic p> 0, using the same method as
for characteristic zero, nprD can be reduced to prD˜ for (n, p) = 1. What about prD?
Katsura and Ueno [4,5], tried to answer this question and obtained a partial result as
follows:
(1) A multiple ﬁber can be reduced to a non-multiple ﬁber under a certain “good” condition
(some cases require p5)
(2) Multiple ﬁbers prD of the following types exist:
(a) A multiple ﬁber with multiplicity p exists for every type, even though some cases
require p5.
(b) When the multiple ﬁber is supported by an ordinary elliptic curve, a multiple ﬁber
with multiplicity pr can be constructed for all r2. (Other cases are unknown.)
With reference to 2(b), it is natural to ask the following question:
Question. Is there an elliptic surface with a multiple supersingular elliptic ﬁber of multi-
plicity divisible by pr , r2?
A multiple supersingular elliptic ﬁber is a multiple ﬁber supported by a supersingular
elliptic curve. To the author’s knowledge, this question remains open, at least for elliptic
surfaces over the smooth rational curve, and nothing is known for higher genus base curves
over which such elliptic surfaces can be constructed.
Takeda [10] introduced the notion of “false hyperelliptic surfaces” (for a deﬁnition, see
Section 5), which was expected to provide good examples for a discussion of this question.
However, no examples of a false hyperelliptic surface for r2 are known [11]. Note that
to answer the above question solely for an elliptic surface over a rational curve, it is also
necessary to study elliptic surfaces over a general curve because even when starting with
an elliptic surface over a rational curve, after reducing the multiplicity to a power of p, in
general, the base curve becomes a non-rational curve.
In reference to the above question, we study the multiplicities of multiple supersingular
elliptic ﬁbers of an elliptic surface f :X → C over an algebraically closed ﬁeld k of
characteristic p> 0 given the following situation:
(1) It satisﬁes a condition q(X) = g(C) + 1, where q(X) is the dimension of an Albanese
variety of X and g(C) is the genus of C.
(2) A general ﬁber of f is a supersingular elliptic curve.
A general ﬁber means a closed ﬁber in a general position. The advantage of restricting
interest to such surfaces is that doing so allows p-closed derivations to be used to study
the structure. Also note that singular ﬁbers of such surfaces are only multiple supersingu-
lar elliptic ﬁbers. Some results for C = P1 were presented in the previous paper [6] and
applied to the study of the structure of surfaces purely inseparably covered by an elliptic
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ruled surface [7]. However, the results in [6] are very restricted. In this article, a complete
answer for all the above surfaces is presented. The main result of this article is as follows:
Theorem. Let f :X → C be as above. The multiplicity m of any multiple ﬁber is then
written as m = npr , where (n, p) = 1 and 0r1.
The result in Section 3 plays an important role in the proof of this Theorem, that is, that
multiple supersingular elliptic ﬁbers of multiplicity pr can be reduced to a non-multiple
ﬁber by successively taking a purely inseparable covering of degree p for the above surface.
The results have some applications, and in the ﬁnal section of this article, the structure of
false hyperelliptic surfaces is studied on this basis.
2. Preliminaries
Here we recall the basic facts of multiple ﬁbers in characteristic p, the theory of purely
inseparable morphisms, and supersingular elliptic curves.
2.1. Multiple ﬁbers in characteristic p> 0
The classiﬁcation of singular ﬁbers of elliptic surfaces for characteristicp> 0 is the same
as for characteristic zero, except for multiple ﬁbers. In characteristic zero, only type In ﬁbers
can be multiples, whereas in characteristic p> 0, all types can be multiples. Note that for
ﬁbers of type other than In, the multiplicity is a power of p.
A ﬁber f−1(P ) of an elliptic surface f :X → C is called a wild ﬁber if and only
if P ∈ SuppT for the torsion part T of R1f∗OX. Otherwise, it is called a tame ﬁber.
Note that SuppT is ﬁnite and we have R1f∗OX/TL whereL is a line bundle on C.
Bombieri–Mumford [1] showed that every wild ﬁber is a multiple ﬁber, and that f−1(P )=
mD is wild (resp. tame) if and only if n<m (resp. n=m), where n := ordOX(D)|D . More-
over, Raynaud [8] showed that there exists a non-negative integer r such
that m = npr .
2.2. Purely inseparable morphisms, p-closed derivations and associated rational 1-forms.
We only recall the surface case. For more details and for a general case, see [9,2]. For a
ﬁxed normal surface X, there is a one-to-one correspondence between isomorphic classes
of normal surfaces purely inseparably covered by X with degree p and equivalent classes of
p-closed derivations of k(X). We say two derivations D and D′ are equivalent (denoted by
D ∼ D′) if there exists h ∈ k(X) such that D′ = hD and h = 0. And we say a derivation
D is p-closed if Dp = hD for some h ∈ k(X). More precisely, the correspondence is
given as follows: for :X → Y , an equivalent class of p-closed derivation D satisfying
k(Y ) = k(X)D := {a ∈ k(X):D(a) = 0} is uniquely determined because the module of
derivations of k(X)/k(Y ) is one-dimensional. Conversely, for a given p-closed derivation
D on X, :X → Y satisfying k(Y ) = k(X)D is constructed by X =⋃iSpecAi → Y :=⋃
iSpecADi , where A
D
i := Ai ∩ k(X)D ↪→ Ai .
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We say a derivation D has only a divisorial singularity at x if we can write D as D =
hx(f1/x1 + f2/x2), hx ∈ k(X)fi ∈ OX,x , and if f1, f2 has no common zero at x.
This notion is very important because for a point x on a smooth surface X and a p-closed
derivation D on X, Y = XD is non-singular at (x) if and only if D has only a divisorial
singularity at x ∈ X.
Let f :X → C be a ﬁbration over a curve. We can then obtain a ﬁbration g:Y = XD →
C(p), whereC(p) is the image of the FrobeniusmorphismofC. Forf−1(P )=mF , g−1(P¯ )=
(mp)F¯ if and only if F is an integral subvariety of D, where P¯ is the image of P in C(p)
and F ⊂ X is called an integral subvariety of D if D is tangential to F at an arbitrary point
on F.
There is another correspondence, that is, a one-to-one correspondence between isomor-
phic classes of normal surfaces purely inseparably covered byXwith degree p and equivalent
classes of non-zero rational 1-forms on X (equivalent to exact rational 1-forms on X), where
two rational 1-forms , ′ are equivalent, denoted by  ∼ ′, if and only if there exists
h ∈ k(X) such that ′ = h and h = 0. More precisely, the correspondence is given as
follows: for :X → Y , we take an element  ∈ k(X) such that k(Y )= k(X(p))() ⊂ k(X),
and put  := d on X. It is obvious that  is non-zero and uniquely determined up to equiv-
alence. Conversely, for a given non-zero exact rational 1-form  = d on X; :X → Y is
given by k(Y ) := k(X(p))() ↪→ k(X). Moreover, the following also holds. For a smooth
surface X and a purely inseparable morphism :X → Y of degree p, Y is smooth at (x)
if and only if  corresponding to  can be written as = hx(f1 dx1 + f2 dx2), hx ∈ k(X),
fi ∈ OX,x , and if f1, f2 has no common zero at x (when this condition holds, we say 
has only a divisorial singularity at x). A subvariety F ⊂ X is an integral subvariety of a
p-closed derivation corresponding  if and only if  is normal to F at an arbitrary point
on F.
Remark 2.1. Note that a rational 1-form  and a p-closed derivation D corresponding to
the same purely inseparable morphism of degree p from X satisfy D · = 0.
The next lemma is important in the proof of the main theorem.
Lemma 2.2. Let :X → Y be a purely inseparable morphism of degree p between smooth
surfaces, and let =d be an exact rational 1-formonX corresponding to. If  is equivalent
to a rational 1-form of the form dx + G dy, G ∈ k(X)/x , then dx + G dy is also exact,
that is, there is G˜ ∈ k(X) such that dG˜ = dx + G dy.
Proof. Note that d ∼ dx + G dy if and only if G/x = /y. From the assumption
G/x=0, := /x also satisﬁesG/x=/y. In particular, d ∼ dx+G dy ∼ d.
From this fact and (/x)p=0,wemay assume that 2/x2=0.Then=/x ∈ k(X(p))
because /x = 0 and /y =G/x = 0. Putting G˜ := /, we have the lemma. 
2.3. Properties of supersingular elliptic curves
For an elliptic curve E deﬁned over an algebraically closed ﬁeld k in characteristic p> 0,
E is called supersingular if and only if F ∗:H 1(E,OE) → H 1(E,OE) induced from the
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Frobenuis action g 	→ gp on OE is the zero map. A supersingular elliptic curve E has the
following important properties:
There exists a local parameter system {} of E such that  −  = bp, b ∈ (U ∩
U,OE). This is an easy consequence of the following exact sequence:
0−−→H 0(E,OE) F
∗−−→H 0(E,OE) d−−→H 0(E, dOE)−−→H 1(E,OE) F
∗=0−−→ 0.
In fact, since H 1(E,OE)k, H 0(E, dOE) has a non-zero global section which gives {}.
Let {b} be as above. Then, {db} gives a non-zero element in H 1(E, dOE). In fact, if
{db}=0 in H 1(E, dOE), then {b}=0 in H 1(E,OE) and hence there exists a 0-cochain
{a} ∈ C0(OE) such that b=a−a. Then, since bp=−, we have −ap =−ap ,
which contradicts the fact that {d} gives a non-zero regular 1-form on E.
On the other hand, consider the exact sequence
0−−−−→dOE−−−−→B2 C−−−−→ dOE−−−−→0,
where C is the Cartier operator and B2 is the Cartier inverse of dOE . For the deﬁnition of
C and Bi , see [3, Section 2]. Roughly speaking, the case C−1(dx) = xp−1dx and B2 is
generated by forms of type dx and xp−1dx. Then, we have a long exact sequence
0−−−−→H 0(dOE)−−−−→H 0(B2) C−−−−→H 0(dOE) 	−−−−→H 1(dOE).
Since dOE ⊂ B2 ⊂ 
1E and H 0(E,OE)H 0(E,
1E)k, we have that H 0(dOE)H 0
(B2)k. Then 	 is injective and hence {d} gives a non-zero element {p−1 d−p−1 d}
in H 1(dOE). Furthermore, since dim H 1(dOE)= 1, there exists c ∈ k× such that c(p−1 d
 − p−1 d) ≡ db ∈ H 1(dOE). Hence, there exists a 0-cochain {d} ∈ C0(dOE)
such that
db = (cp−1 d + d) − (cp−1 d + d).
In the following, we denote cp−1 d + d by .
3. Reduction of multiple ﬁbers to non-multiple ﬁbers
In this section, we consider how to reduce a multiple supersingular elliptic ﬁber to a
non-multiple ﬁber. The main result of this section is as follows:
Proposition 3.1. Let f :X → C be an elliptic surface in characteristic p> 0 with q(X)=
g(C) + 1 and having a supersingular elliptic curve as a general ﬁber. Then, there exists a
sequence of ﬁnite coverings Yn n→Yn−1 n−1→ · · · → Y1 1→Y0 0→X satisfying the following
properties:
(1) Each i , i = 1, 2, ..., n is a purely inseparable covering of degree p.
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(2) Each Yi has an elliptic ﬁbration fi :Yi → Ci such that the diagram
Yn
n−−−−→ Yn−1 −−−−→ · · · −−−−→ Y0 0−−−−→ X
fn
⏐⏐⏐⏐ fn−1
⏐⏐⏐⏐ f0
⏐⏐⏐⏐ f
⏐⏐⏐⏐
Cn −−−−→ Cn−1 −−−−→ · · · −−−−→ C0 −−−−→ C
commutes.
(3) The multiplicity of any multiple ﬁber of fi :Yi → Ci is a power of p.
(4) Let F = mprD be any multiple ﬁber of f :X → C, where (m, p) = 1, and let F (i) =
m(i)D(i) be the pull-back of F on fi :Yi → Ci for i = 0, 1, ..., n, where D, D(i) are
supports of multiple ﬁbers. Then,
m(i) =
{
pr in − r,
pn−i i > n − r.
In particular, fn:Yn → Cn is a smooth ﬁbration.
Proof. First of all, it is well known that the reduction of multiplicity mpr , (m, p) = 1,
to pr can be achieved by pulling back X with a suitable ﬁnite covering of the base curve
C ramiﬁed over the point with a multiple ﬁber. Thus, Y0 can be readily found using this
well-known method.
The condition q(X)=g(C)+1 implies that the image of anyﬁber of the elliptic ﬁbration in
anAlbanese variety is an elliptic curve [4, Lemma 3.4]. Consider the following commutative
diagram:
Y0
0−−−−→ Alb(Y0)
f0
⏐⏐⏐⏐
⏐⏐⏐⏐f
X
−−−−→ Alb(X)
Since Y0 is a ﬁnite covering of X, the image of any ﬁber of f0 in Alb(X) is an elliptic curve.
The same holds for Alb(Y0). Again, from [4, Lemma 3.4], we have q(Y0) = g(C0) + 1. If
Y0 has no multiple ﬁber, we are done. Otherwise, we can construct Yi , i = 1, 2, ..., in the
following way.
LetF0 be a general ﬁber of the elliptic ﬁbration f0. SinceF0 is supersingular, its imageE0
in Alb(Y0) is also a supersingular elliptic curve. Let0:Y0 → Alb(Y0) be anAlbanese map.
Poincaré reducibility theorem then states that we have an isogeny : Alb(Y0) → E0 × J ,
where J is an Abelian variety of dimension q(Y0) − 1 with E0 ∩ J being ﬁnite. Let 0 be
the composition morphism of  ◦ 0 and the projection morphism E0 × J → E0. Since
no ﬁber of f0 contracts to a point in Alb(Y0), the same holds for E0 × J . For the Jacobian
variety J (C0) of C0, the map Alb(Y0) → J (C0) factors through Alb(Y0) → J → J (C0).
Since J → J (C0) is a ﬁnite covering, the image of a support D of any ﬁber of the elliptic
ﬁbration is a point in J. Hence, 0|D is surjective.
Take  = 0 ∈ H 1(E0,OE0). Then, ∗0 = 0, FE0()= 0, and FY0(∗0)= 0. Thus, if we
write ∗0 as a ˇCech cocycle {fij }, there exists a 0-cochain {fi} such that f pij = fi − fj .
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Consider the covering of Y0,
Y˜0 :=
{
z
p
i = fi,
zi = zj + fij
and let Ŷ0 be its normalization. Then, Ŷ0 is already non-singular and Ŷ0 → Y0 is a
purely inseparable ﬂat morphism of degree p. By Stein factorization, we have the following
diagram:
Ĉ0
fˆ0←−−−− Ŷ0 ˆ0−−−−→ Ê0
g
⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐F
C0
f0←−−−− Y0 0−−−−→ E0
.
Here, Ĉ0 is a non-singular complete curve. Since the natural restriction map :H 1(Y0,OY0)
→ H 1(D,OD) for a general ﬁber D of f0 is the zero map [4, Lemma 6.1], the restriction
of the covering map Ŷ0 → Y0 to a general ﬁber is trivial and we have that g is purely
inseparable with degree p. Put f1 = fˆ0,1 = ˆ0, Y1 = Ŷ0, C1 = Ĉ0 and E1 = Ê0. Then, since
f1:Y1 → C1 satisﬁes the same condition as f0:Y0 → C0, we can iterate this procedure
and have the following commutative diagram:
· · · −−−−→ El −−−−→ El−1 −−−−→ · · · −−−−→ E0
l
⏐⏐⏐⏐ l−1
⏐⏐⏐⏐ 0
⏐⏐⏐⏐
· · · −−−−→ Yl l−−−−→ Yl−1 −−−−→ · · · −−−−→ Y0 0−−−−→ X
fl
⏐⏐⏐⏐ fl−1
⏐⏐⏐⏐ f0
⏐⏐⏐⏐ f
⏐⏐⏐⏐
· · · −−−−→ Cl −−−−→ Cl−1 −−−−→ · · · −−−−→ C0 −−−−→ C.
It is easy to see that each elliptic surface fi :Yi → Ci in the diagram satisﬁes conditions
(1)–(3). Since the purely inseparable degree of the map i |Fi for a general ﬁber Fi of fi
is reducing in each procedure, there exists a positive integer n such that pideg(n|Fn) = 1
where pideg(n|Fn) is the purely inseparable degree of the map n|Fn , that is, n|Fn is
separable. Let n be such a minimal integer. Then, by the assumption on f0:Y0 → C0, the
elliptic ﬁbration fn:Yn → Cn is a smooth ﬁbration.
Now we show that the above diagram also satisﬁes condition (4). For i = 0, 1, ..., n− 1,
let f−1i (P )=mD, m=pr , be a multiple ﬁber and f−1i+1(P̂ )= mˆD̂ its pull-back with respect
to i+1. By looking at the local equations along elliptic andAlbanese ﬁbrations at a general
point on a multiple ﬁber and by using the fact that fn:Yn → Cn is a smooth ﬁbration, we
can easily see that for i1, a pair (mˆ, pideg(ˆi |D̂)) is given by
(mˆ, pideg(ˆi |Dˆ)) =
{
(m, (pideg(i |D))/p) if pideg(i |D)> 1,
(m/p, 1) if pideg(i |D) = 1.
Hence we have the desired covering sequence. 
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Note that by this proposition, all multiple ﬁbers can be reduced to non-multiple ﬁbers
simultaneously. The next corollary shows a construction of wild ﬁbers on these surfaces.
Corollary 3.2. Letf :X → C beas above.Then,f :X → C has aﬁnite separable covering
g:Y → C˜, which has the following properties:
(1) g:Y → C˜ is an elliptic ﬁbration satisfying the following diagram:
Y −−−−→ X
g
⏐⏐⏐⏐
⏐⏐⏐⏐f
C˜ −−−−→ C
(2) Any multiple ﬁber of g is in the form prD.
(3) g:Y → C˜ is obtained by a successive quotient of a trivial elliptic ﬁbration by p-closed
derivations.
Proof. Let Yn → Yn−1 → · · · → Y0 → X be a sequence of coverings as in Proposition
3.1. Since fn:Yn → Cn is a smooth elliptic ﬁbration, we can take a ﬁnite covering Ĉ → Cn
such that the normalization Ŷ of Yn×CnĈ is a trivial ﬁbration. Put C˜ := FnĈ, where F is
the Frobenius morphism, and let Y be the normalization of Y0×C0 C˜. Then, Y → C˜ is the
required result because each Y×
C˜
F iĈ → Y×
C˜
F i+1Ĉ is a purely inseparable morphism
of degree p and the normalization of Y×
C˜
Ĉ is isomorphic to Ŷ . 
4. Proof of the main theorem
Now we show the main theorem.
Theorem 4.1. Let f :X → C be an elliptic surface in characteristic p> 0 with q(X) =
g(C) + 1 and having a supersingular elliptic curve as a general ﬁber. The multiplicity m
of any multiple ﬁber is then written as m = npr where (n, p) = 1 and 0r1.
4.1. Starting point
From Proposition 3.1 and Corollary 3.2, it is sufﬁcient to show that the following diagram
does not exist for any algebraic curveC or any supersingular elliptic curveE in characteristic
p> 0.
C
pr1←−−−− X := C × E pr2−−−−→ E⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐
C1
f←−−−− Y −−−−→ E1⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐
C2
g←−−−− Z −−−−→ E2
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where
(1) Ci is the ith Frobenius image of C,
(2)  and  are ﬁnite purely inseparable morphisms of degree p,
(3) f is an elliptic ﬁbration with only multiple ﬁbers f−1(P (1)i )= pE(1)i , i = 1, 2, ..., l as
its singular ﬁbers, and
(4) g is an elliptic ﬁbration with only multiple ﬁbers f−1(P (2)i ) = priE(2)i , ri2, for
i = 1, 2, ..., l and ri = 2 for at least one i. (P (2)i is the image of P (1)i .)
We may assume that g−1(P (2)1 ) = p2E(2)1 .
4.2. Local equation of Y
In this section, we give an explicit local equation of Y in the diagram in (4.1). First,
note that (OY ) = 0 for Y. Moreover, by the canonical bundle formula, we have deg L =
−lengthT< 0 for the decomposition R1g∗OYL ⊕ T as in (2.1). We start with the
following exact sequence:
0 −−→ H 1(C1,OC1) g
∗
−−→ H 1(Y,OY ) −−→ H 0(C,R1g∗OY ) −−→ 0⏐⏐⏐⏐∗: inj.
∥∥∥∥∥
H 1(E1,OE1) T
Since H 0(C1, R1g∗OY )T, the restriction map H 0(C,R1g∗OY ) → H 0(U,R1g∗OY )
is the zero map for any afﬁne open subset U ⊂ C1\SuppT and hence we have that
H 1(Y,OY ) → H 1(g−1(U),OY ) is the zero map for U ⊂ C1\SuppT. Let {b} be a
non-zero element of H 1(E1,OE1) such that  −  = bp where {} is a local coordinate
system of E1. For a ﬁxed afﬁne open set U ⊂ C1\SuppT, we have
{b} 	−→ {b = a − a} = {0} ∈ H 1(g−1(U),OY ),
where a ∈ (g−1(U)∩−1(U),OY ). Note that g−1(U)∩−1(U) is an afﬁne open set
because g:Y → C1 is constructed as a quotient of a trivial elliptic ﬁbration by p-closed
derivations. From  −  = bp = ap − ap , we have { − ap } ∈ H 0(Y,OY (M)), where
M is an effective divisor such that Supp(M) = g−1(SuppT).
Then there exists a rational function Q ∈ H 0(C1,OC(g∗M)) such that  = Q + ap for
any  ∈ . Note that although there is an ambiguity in the choice of a, a is determined
up to modulo f ∗H 0(C1,OC(g∗M)). Thus, a can be replaced with a + r for some r ∈
H 0(C1,OC1(g∗M)) if necessary. We also have d = Q/u du, where u is an afﬁne
coordinate of C1.
Let W be the normalization of the surface deﬁned by {ap −  = Q} on C1 × E1 in
k(C1 × E1)(a). To see singularities of W, it is necessary to take the normalization of the
above equation.
For simplicity of notation, we write the above equation as xp + Q =  in the following.
Let t be a local parameter of C centered at a pole of Q, and put H := tn+1Q, where
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ord{t=0}Q = n + 1. If ord{t=0} Q ≡ 0modp, we may replace x and Q suitably with
x + c1/pt−l and Q − ct−lp, respectively. Hence, we may assume that if Q has a pole at
t = 0, then
xp + t−(n+1)H(t) = , H(t) = tn+1Q, H(0) = 0, (n + 1, p) = 1
around {t =0}. Note that we cannot take such Q globally, making it necessary to patch local
equations together. However, it is important that dQ = Q/u du is determined globally.
We now take the normalization along poles of Q with (ord{t=0}Q,p)=1. Take integers q, h
such that (n+ 1)+ q = hp and 0<q <p, and put z= thx. Then, from the above equation,
we have zp + tq(H(t) − tn+1) = 0. Put s = zt(=xt+h), where p + q = 1 and
> 0. We then obtain the normalization
sp = zptp = tq(−H(t) + tn+1)tp = t (−H(t) + tn+1)
and we have W itself as non-singular. Moreover, W has an elliptic ﬁbration over C, and its
singular ﬁbers are of type mI0 with multiplicity p. Note that we can take (, ) satisfying
+ h ≡ 0modp because if 0p + 0q = 1, 0 > 0, then
(0 − lq)p + (0 + lp)q = 1, 0 + lp > 0 for any l0,
(0 − lq) + (0 + lp)h ≡ (0 + 0h) − lq modp
and hence there exists l0 such that (0 + 0h) ≡ lq modp.
From the construction of W and the above observation, there exists a morphism :Y →
W satisfying the following commutative diagram:
C1
g←−−−− Y −−−−→ E1∥∥∥∥∥
⏐⏐⏐⏐
∥∥∥∥∥
C1
h←−−−− W −−−−→ E1
where h gives an elliptic ﬁbration onW. Let 1, 2 be covering maps 1:Y → C1 ×E1 and
2:W → C1 × E1, respectively. Since i’s are purely inseparable morphisms of degree p
and 1 = 2 ◦  by the construction, we have that YW .
We should note that in the above normalization, the ﬁber over {t = 0} is a multiple ﬁber
of multiplicity p. Hence dQ has poles only along multiple ﬁbers. Moreover, we have that
dx also has poles only along multiple ﬁbers.
We remark on a p-closed derivationD giving the quotient map =D:C×E → Y . LetD
be a p-closed derivation on C1 ×E1 which gives D: C˜× E˜ → Y . Then, up to equivalence,
D can be written as D = /u+G/, where u,  are suitable afﬁne coordinates of C and
E, and G ∈ k(C1). This fact comes from the canonical bundle formula for elliptic surfaces,
the canonical bundle formula for quotients by p-closed derivation [9], and the fact that all
singularities of D are divisorial.
4.3. Rational 1-form associated with 
Let z be an element of k(Y ) such that k(Z)=k(Y (p))(z). The 1-form dz onY is obviously
non-zero and has only divisorial singularities. For a ﬁxed , dz can be written as dz =
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A da + B du, where a is as in (4.2) and u is an afﬁne coordinate of C1. Here we take Q
and a to satisfy the condition that ordP (1)1 Q /≡ 0(modp). Then, the expression of dz for
each coordinate is as follows:
dz = A da + B du
=A da +
(
B + Ab
u
)
du
=Ci,
(
A dsi, + B
(
Ci,
Q
u
)−1
d
)
=Ci,
(
A dsi, +
(
B + Ab
u
)(
Ci,
Q
u
)−1
d
)
,
whereCi, := −(ni +1)s−ni−2i,
(
−tni+1i Q + tni+1i 
)i+ihi
and  and b are as in (4.2).
Claim 4.2. Suppose the diagram in (4.1) exists. Let dz be as above and {} the 0-cochain
deﬁned as in (2.3). Then, dz is equivalent to da − G du for some G ∈ k(Y ) and ﬁxed .
Moreover, a rational 1-form deﬁned by G du −  for ﬁxed  can have poles only along
E
(1)
i , i = 1, 2, ..., l, and ordE(1)1 (G du − )> ordE(1)1 (da − ).
Proof. From the fact in (2.2) and the assumption in (4.1), dz is normal to E(1)1 . We then
have A /≡ 0 and
ord
E
(1)
1
(
A ds1,
)
< ord
E
(1)
1
((
B + Ab
u
)(
C1,
Q
u
)−1
d
)
.
From this observation, we see that there exists G ∈ k(Y ) such that dz ∼ da − G du, that
is, we may assume A = 1 and B = −G, and ord
E
(1)
1
(G du − )> ordE(1)1 (da − ).
Moreover, combining the facts that dz has only divisorial singularities and Z can have
multiple ﬁbers only along E(2)i , we have that da − G du can have poles only along ﬁbers
of g. Since da can have poles only along E
(1)
i , we have the conclusion. 
From Claim 4.2, we have that
da − (= da − ),
G du − (=G du −  − db) ∈ H 0
(
Y,
1Y
(∑
miE
(1)
i
))
for suitable mi . Since ordE(1)1 (da −)= (ordP1∈C1Q)− 1, we can write the condition in
Claim 4.2 as
G du −  ∈ H 0
(
Y,
1Y
(∑
miE
(1)
i
))
, m1 = −ordP (1)1 ∈C1Q.
We then show the following claim:
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Claim 4.3. Suppose diagram (4.1) exists. Let G, , mi be as above. Then, there exists
 ∈ H 0(C1,OC1(
∑ [mi/p]P (1)i )) such that G du − =d. Moreover, d − G du is
exact.
Proof. We consider an exact sequence
0−−−−→∗
1E1 ⊗ OY (W + N)−−−−→
1Y (N)−−−−→Y/E1 ⊗ OY (−W + N)−−−−→0,
where N := ∑miE(1)i and W is a divisor deﬁned by zeros of ∗d on Y. We then have
G du −  ∈ f ∗H 0
(
C1,OC1
(∑
[mi/p]P (1)i
))
d.
Note that G du −  comes from H 0(Y,∗
1E1 ⊗ OY (W + N)) because of its form.
Then, there exists  ∈ H 0(C1,OC1(
∑ [mi/p]P (1)i )) such that G du −  = d. Since
+ d ∈ k(Y )/ du, from Lemma 2.2 we have that d−G du=d−
(
 +d
)
is exact. 
The proof of the main theorem can be obtained by studying the exactness of d−G du.
In the following, we omit  for simplicity of notation. Since = ap +Q, p−1 is written as
p−1 = Qp−1 +
p−1∑
i=1
p−1Ci

u
(
1
p − i a
piQp−i
)
.
We have under modulo exact forms,
 ≈ p−1d= Qp−1dQ +
p−1∑
i=1
p−1Cid
(
1
p − i a
piQp−i
)
≈ Qp−1dQ,
where ≈ means “equals under modulo exact forms and up to non-zero constant multiples”.
Then, we have d − G du = d − ( + d) ≈ (Qp−1 + )dQ and hence we
have that d − G du is exact if and only if (Qp−1 + ) dQ is exact as a form on C1.
Since Q has a pole at P (1)1 of order m1, we have that for a local coordinate t of C1 cen-
tered at P (1)1 , Qp−1 dQ has a pole at t = 0 of order of m1p + 1 modulo exact form.
Then, its pole of order m1p + 1 must be canceled by dQ; otherwise (Qp−1 + ) dQ
cannot be exact. However, this is impossible because a simple calculation shows that
dQ has a pole at t = 0 of order of at most [m1/p] + m1 + 1<m1p + 1 modulo
exact forms. Hence, diagram (4.1) does not exist and we complete the proof of
Theorem 4.1.
5. False hyperelliptic surfaces over a supersingular elliptic curve
In this section, we discuss the structure of false hyperelliptic surfaces introduced by
Takeda [10]. Let X be a surface in characteristic p> 0. X is called a false hyperelliptic
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surface if X satisﬁes the following condition:
(1) (OX) = 0, (K2X) = 0, dim Alb(X) = 1
(2) All ﬁbers of anAlbanese map :X → E are rational curves with only one cusp locally
deﬁned by xpr + yn = 0 on X where r, n ∈ Z, r > 0, n> 1, and n is relatively prime
to p.
We say that X is a false hyperelliptic surface with section if X is a false hyperelliptic surface
and the Albanese map  has a cross-section.
The following fact is important for false hyperelliptic surfaces with section:
Theorem 5.1 (Takeda [10]). Let :X → E be a false hyperelliptic surface with section
having only one cusp of type xpr + yn = 0. Let S be a cross-section of , and let T be a
subset of X consisting of all non-smooth points of . Then,
(1) X is purely inseparably covered by the elliptic ruled surface determined by O
E˜
⊕L,
whereL= ∗OS(S), : E˜ → E is a purely inseparable morphism of degree pr .
(2) X has an elliptic ﬁbration f :X → P1 with multiple ﬁbers mprS and mT, where m is
the order ofL in Pic0(X).
From Theorems 4.1 and 5.1, we obtain the following proposition:
Proposition 5.2. Let :X → E be a false hyperelliptic surface with section. If E is a
supersingular elliptic curve, then the cuspidal singularity in each ﬁber is isomorphic to
xp + yn = 0, (n, p) = 1.
Proof. From the deﬁnition, there exists a positive integer r such that every ﬁber of an
Albanese map of X has only one singularity isomorphic to xpr + yn = 0. Then, from
Theorem 5.1, X has an elliptic ﬁbration f :X → P1 with multiple ﬁbers mprS and mT,
(m, p) = 1.
Since E is a supersingular elliptic curve, f :X → P1 satisﬁes the assumption of Theorem
4.1. Hence, by Theorem 4.1, all singular ﬁbers of f are multiple supersingular elliptic ﬁbers
with multiplicity p, which thus completes the proof. 
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